Non-probabilistic proof of the A_2 theorem, and sharp weighted bounds
  for the q-variation of singular integrals by Hytönen, Tuomas P. et al.
ar
X
iv
:1
20
2.
22
29
v1
  [
ma
th.
CA
]  
10
 Fe
b 2
01
2
NON-PROBABILISTIC PROOF OF THE A2 THEOREM, AND
SHARP WEIGHTED BOUNDS FOR THE q-VARIATION OF
SINGULAR INTEGRALS
TUOMAS P. HYTO¨NEN, MICHAEL T. LACEY, AND CARLOS PE´REZ
Abstract. Any Caldero´n–Zygmund operator T is pointwise dominated by
a convergent sum of positive dyadic operators. We give an elementary self-
contained proof of this fact, which is simpler than the probabilistic arguments
used for all previous results in this direction. Our argument also applies to
the q-variation of certain Caldero´n–Zygmund operators, a stronger nonlinear-
ity than the maximal truncations. As an application, we obtain new sharp
weighted inequalities.
1. Introduction
The following sharp weighted inequality for Caldero´n–Zygmund operators, known
as the A2 theorem, was proved by the first author [3] in full generality after many
intermediate results by others:
‖Tf‖L2(w) . [w]A2‖f‖L2(w). (1.1)
After the first proof, several modifications, simplifications and extensions have ap-
peared. However, all of them have been based on the “dyadic representation theo-
rem” from [3], namely, the probabilistic formula
〈g, T f〉 =
ˆ
Ω
∞∑
m,n=0
2−max{m,n}α/2〈g, Sωm,nf〉dP(ω), (1.2)
where T is written as an average of the dyadic shifts Sωm,n with respect to random
dyadic systems Dω parameterized by a probability space Ω. The proof of this
representation is an elaboration of the proof of the T (1) theorem of David–Journe´,
or more precisely, of the non-homogeneous version of Nazarov–Treil–Volberg [8].
In this paper, we provide a simpler, non-probabilistic dyadic representation.
Strictly speaking, the representation with an exact identity as above is now replaced
with a domination, which gives an upper bound for Tf in terms of a series of dyadic
shifts. We still need more than one dyadic system, but only a finite collection (in
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fact, 3d) of them suffices. And the proof only uses the kernel bounds in a rather
standard way, as well as the weak (1, 1) bounds for T as a black box, rather than
going through the full machinery of the T (1) theorem, which in effect reproves the
boundedness of T as a by-product. This has the advantage that the new approach
extends more flexibly to other kinds of operators for which unweighted weak (1, 1)
bounds are known. In particular, for the first time, we extend (1.1) to the q-
variation operator V φq T , defined by
V φq Tf(x) := sup
{ǫi}i∈Z
(∑
i∈Z
|T φǫif(x)− T
φ
ǫi+1f(x)|
q
)1/q
, (1.3)
where T φǫ is a smooth truncation of a (suitable) Caldero´n–Zygmund operator T ,
and the supremum is over all increasing sequences of positive numbers. Unweighted
norm inequalities for these operators have been studied by Campbell et al. [1, 2],
among others.
For future considerations, another advantage of the new dyadic domination the-
orem is that it can also be used to derive estimates for T from the estimates for
dyadic shifts in quasi-normed spaces like L1,∞: We only have a finite summa-
tion over 3d different dyadic systems, which is also well-behaved with respect to
the quasi-triangle inequality, unlike the integration over a probability space in the
dyadic representation theorem (1.2).
In the next two sections, we prove the new dyadic domination theorem for max-
imal truncations of Caldero´n–Zygmund operators and the q-variation of a class of
Caldero´n–Zygmund operators, respectively. Corollaries on weighted norm inequal-
ities are presented in the final section.
Let us notice that another “dyadic domination theorem”, closely related to ours,
was almost simultaneously brought out by Lerner [6]. There is, however, an impor-
tant difference: Lerner’s result is derived as a corollary to the dyadic representation
theorem (1.2) and some non-trivial subsequent developments, whereas our proof is
essentially self-contained and provides an alternative to (1.2). This new approach
also applies to the stronger variation operators (1.3). See, however, Lerner’s paper
[6] for some different applications.
2. The dyadic domination theorem for maximal truncations
Let T be an ω-Caldero´n–Zygmund operator with kernel K having the standard
size estimate
|K(x, y)| .
1
|x− y|d
and the modulus of continuity ω:
|K(x, y)−K(x′, y)|+ |K(y, x)−K(y, x′)| ≤ Cω
( |x− x′|
|x− y|
) 1
|x− y|d
for |x− y| > 2|x− x′| > 0. Let φ be a smooth cut-off with 1B(0,1)c ≤ φ ≤ 1B(0,12 )
c
,
and χ := 1B(0,1)c the sharp cut-off. Then
Kφǫ (x, y) := φ
(x− y
ǫ
)
K(x, y), Kǫ(x, y) := K
χ
ǫ (x, y).
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Note that Kφǫ is also an ω-Caldero´n–Zygmund kernel, uniformly in ǫ > 0. Finally,
we define the truncated operators
T φǫ f(x) :=
ˆ
Kφǫ (x, y)f(y) dy, T
φ
∗ f(x) := sup
ǫ>0
|T φǫ f(x)|
and Tǫ := T
χ
ǫ , T∗ := T
χ
∗ .
2.1. Theorem. Let T be an ω-Caldero´n–Zygmund operator, where the modulus of
continuity satisfies the Dini conditionˆ 1
0
ω(t)
dt
t
<∞. (2.2)
Let Q0 be a cube which contains the support of f . Then we have the pointwise
bound
1Q0T∗f .Mf +
∑
u∈{0,
1
2 ,
1
3}
d
∞∑
k=0
ω(2−k)Suk |f |,
where Suk is a positive dyadic shift of complexity k with respect to the dyadic system
D
u := {2−j([0, 1)d +m+ (−1)ju) : j ∈ Z,m ∈ Zd}.
The dyadic shifts depend upon the choice of Q0 and f .
The fact that (the maximal truncation of) a Caldero´n–Zygmund operator is dom-
inated by the maximal operators and positive dyadic shifts was already observed
by Hyto¨nen–Lacey [4] and elaborated by Lerner [6]. However, their arguments used
the random dyadic systems, and were derived from the (non-positive) dyadic rep-
resentation theorem of [3]. Here we give a more efficient direct argument. The rest
of this section is concerned with the proof of Theorem 2.1.
We first recall the well-known fact that
|T∗f − T
φ
∗ f | .Mf,
and hence it suffices to prove the result for T φ∗ in place of T∗.
We use Lerner’s formula [7]:
1Q0 |T
φ
∗ f −mTφ∗ f (Q0)| .M
#
λ,Q0
(T φ∗ f) +
∑
Q∈L
ωλ(T
φ
∗ f,Q
(1))1Q,
where, denoting by g∗ the non-increasing rearrangement of a measurable g,
ωλ(g,Q) := inf
c
(1Q(g − c))
∗(λ|Q|), M#λ,Q0g := sup
Q⊆Q0
1Qωλ(g,Q),
and L is a collection of dyadic subcubes of Q0 with the property that
|E(Q)| ≥ 12 |Q|, E(Q) := Q \
⋃
Q′∈L
Q′(Q
Q′. (2.3)
for all Q ∈ L.
2.4. Lemma.
ωλ(T
φ
∗ f,Q) .
∞∑
k=0
ω(2−k)
 
2kQ
|f |.
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Proof. For x ∈ Q, we have
T φǫ f(x) = T
φ
ǫ (12Qf)(x) +
(
T φǫ (1(2Q)cf)(x)− T
φ
ǫ (1(2Q)cf)(cQ)
)
+ T φǫ (1(2Q)cf)(cQ),
and
|T φǫ (1(2Q)cf)(x)− T
φ
ǫ (1(2Q)cf)(cQ)|
=
∣∣∣
∞∑
k=1
ˆ
2k+1Q\2kQ
[Kφǫ (x, y)−K
φ
ǫ (cQ, y)]f(y) dy
∣∣∣
.
∞∑
k=1
ˆ
2k+1Q\2kQ
ω
( |x− cQ|
|x− y|
) 1
|x− y|d
|f(y)| dy
.
∞∑
k=1
ω(2−k)
 
2k+1Q
|f |.
Hence
|T φ∗ f(x)− T
φ
∗ (1(2Q)cf)(cQ)| ≤ sup
ǫ>0
|T φǫ f(x)− T
φ
ǫ (1(2Q)cf)(cQ)|
≤ T φ∗ (12Qf)(x) +
∞∑
k=1
ω(2−k)
 
2k+1Q
|f |
and thus
ωλ(T
φ
∗ f ;Q) = infc
((T φ∗ f − c)1Q)
∗(λ|Q|) ≤ ((T φ∗ f − T
φ
∗ (1(2Q)cf))1Q)
∗(λ|Q|)
≤ (T φ∗ (12Qf))
∗(λ|Q|) +
∞∑
k=1
ω(2−k)
 
2k+1Q
|f |,
where finally
(T φ∗ (12Qf))
∗(λ|Q|) ≤
1
λ|Q|
‖T φ∗ (12Qf)‖L1,∞ .
1
|Q|
‖12Qf‖L1 .
 
2Q
|f |
by the weak-type (1, 1) inequality for T φ∗ . 
In particular
M#λ (T
φ
∗ f) = sup
Q
1Qωλ(T
φ
∗ f ;Q) . sup
Q
1Q
∞∑
k=0
ω(2−k)
 
2kQ
|f | .Mf,
since the Dini condition (2.2) gives
∞∑
k=0
ω(2−k) h
ˆ 1
0
ω(t)
dt
t
<∞.
Next, we need to identify each
∑
Q∈L
1Q
 
2kQ
|f |.
as a sum of 3d dyadic shifts acting on |f |.
The following lemma is well-known for k = 0. The version below essentially
repeats the same argument.
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2.5. Lemma. For any cube Q, we can find a shifted dyadic cube R ∈ Du for some
u ∈ {0, 13 ,
2
3}
d such that Q ⊂ R, 2kQ ⊂ R(k), and 3 · ℓ(Q) < ℓ(R) ≤ 6 · ℓ(Q).
Proof. Let Q = I1×· · ·×Id and 2
kQ = J1×· · ·×Jd. Choose 2
j so that 3ℓ(Q) < 2j ≤
6ℓ(Q), and consider the end-points of the dyadic intervals 2j([0, 1)+mi+(−1)
jui),
wheremi ∈ Z and ui ∈ {0,
1
3 ,
2
3}. These form an arithmetic sequence with difference
1
32
j > ℓ(Q). Hence Ii contains at most one such end-point, say with ui = vi.
Similarly, Ji contains at most one end-point of the intervals 2
j+k([0, 1) + mi +
(−1)jui), say with ui = wi. Consider a remaining value ui ∈ {0,
1
3 ,
2
3} \ {vi, wi}. It
follows that Ii must be contained in some interval Ki = 2
j([0, 1) +mi + (−1)
jui),
and similarly Ji must be contained in some interval Li = 2
j+k([0, 1)+m′i+(−1)
jui).
Since Li∩Ki ⊃ Ji∩Ii = Ii, we have Li ⊃ Ki and hence Li = K
(k)
i by the properties
of dyadic intervals. Hence, the dyadic cube R := K1×· · ·×Kd satisfies R ⊃ Q and
R(k) = L1 × · · · × Ld ⊃ 2
kQ, as well as ℓ(R) = |Ki| ≤ 6ℓ(Q). 
Thus we can split L into 3d subcollections Lu, where each Q ∈ Lu has an
associated R = ρu(Q) ∈ D
u with Q ⊂ R, 2kQ ⊂ R(k), and 3ℓ(Q) < ℓ(R) ≤ 6ℓ(Q).
Since both side-lengths ℓ(Q) and ℓ(R) are powers of 2, we have in fact ℓ(R) = 4ℓ(Q).
Observe that a given R ∈ Du has at most 4d different preimages Q ∈ L under ρu,
as their side-length is determined by R, they are all contained in R, and pairwise
disjoint.
Hence, writing L∗u := {ρu(Q) : Q ∈ Lu}, we have
∑
Q∈L
1Q
 
2kQ
φ .
∑
u∈{0,
1
3 ,
2
3}
d
∑
Q∈Lu
1ρu(Q)
 
ρu(Q)(k)
φ
.
∑
u∈{0,
1
3 ,
2
3}
d
∑
R∈L∗u
1R
 
R(k)
φ =:
∑
u∈{0,
1
3 ,
2
3 }
d
Sukφ.
2.6. Lemma. For all p ∈ (1,∞), the operator Suk satisfies the unweighted estimate
‖Sukφ‖p . ‖φ‖p;
in particular, it is a bounded positive dyadic shift.
Proof. Let φ ∈ Lp and ψ ∈ Lp
′
. Then
〈ψ, Sukφ〉 =
∑
R∈L∗u
ˆ
R
ψ ·
 
R(k)
φ =
∑
R∈L∗u
|R| ·
 
R
ψ ·
 
R(k)
φ
≤
∑
R∈L∗u
|R| · inf
R
Mψ · inf
R
Mφ
=
∑
Q∈Lu
|ψu(Q)| · inf
ρu(Q)
Mψ · inf
ρu(Q)
Mφ
.
∑
Q∈Lu
|E(Q)| · inf
Q
Mψ · inf
Q
Mφ ≤
∑
Q∈Lu
ˆ
E(Q)
Mψ ·Mφ
≤
ˆ
Mψ ·Mφ ≤ ‖Mψ‖p′‖Mφ‖p . ‖ψ‖p′‖φ‖p,
where we used the pairwise disjointness of the sets E(Q), Q ∈ L, and the bound-
edness of the maximal operator. 
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Up to this point, we have seen the following:
1Q0 |T
φ
∗ f −mTφ∗ f (Q0)| .M
#
λ,Q0
(T φ∗ f) +
∑
Q∈L
ωλ(T
φ
∗ f ;Q
(1))1Q
.Mf +
∑
Q∈L
∞∑
k=0
ω(2−k)
 
2kQ
|f | · 1Q
.Mf +
∑
u∈{0,
1
3 ,
2
3}
d
∞∑
k=0
ω(2−k)Suk |f |.
It only remains to observe that the median mTφ∗ f (Q0) satisfies
|mTφ∗ f (Q0)| .
1
|Q0|
‖T φ∗ f‖L1,∞ .
1
|Q0|
‖f‖L1 =
 
Q0
|f | ≤ inf
Q0
Mf
provided that supp f ⊆ Q0. This completes the proof of Theorem 2.1.
3. The dyadic domination theorem for variation operators
As before, let T φǫ andK
φ
ǫ be the smooth truncations of the ω-Caldero´n–Zygmund
operator T and its kernel K. We denote by ~T φ := {T φǫ }ǫ>0 and
~Kφ := {Kφǫ }ǫ>0
the corresponding vectorial operator and kernel involving all ǫ > 0 simultane-
ously. Then the previously considered maximal truncation is simply T φ∗ f(x) =
‖~T φf(x)‖L∞ . In place of the supremum norm, we now consider the stronger vari-
ational norms
‖~y‖V q = ‖{yǫ}ǫ>0‖V q := sup
{ǫi}i∈Z
( ∞∑
i=−∞
|yǫi − yǫi+1 |
q
)1/q
,
where the supremum is over all increasing sequences {ǫi}i∈Z of positive numbers.
We define the smooth q-variation operator of T as
V φq Tf(x) := ‖~T
φf(x)‖V q .
For certain classes of Caldero´n–Zygmund operators, norm inequalities for the
non-linear operator V φq T , for q > 2, are known in the literature; see Remark 3.3 for
details. In the following result, we take one such estimate as a black-box assump-
tion.
3.1. Theorem. Let T be an ω-Caldero´n–Zygmund operator, where the modulus of
continuity ω satisfies the Dini condition (2.2), and the smooth q-variation of T
satisfies the weak (1, 1) estimate:
‖V φq Tf‖L1,∞ . ‖f‖L1. (3.2)
Let Q0 be a cube which contains the support of f . Then we have the pointwise
bound
1Q0V
φ
q Tf .Mf +
∑
u∈{0,
1
2 ,
1
3}
d
∞∑
k=0
ω(2−k)Suk |f |,
where Suk is a positive dyadic shift of complexity k with respect to the dyadic system
D
u := {2−j([0, 1)d +m+ (−1)ju) : j ∈ Z,m ∈ Zd}.
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3.3. Remark. The weak-type bound for the sharp q-variation of T ,
‖VqTf‖L1,∞ . ‖f‖L1, VqTf(x) := V
χ
q Tf(x) := ‖{Tǫf(x)}ǫ>0‖V q , (3.4)
is known to hold at least for all Caldero´n–Zygmund convolution kernels under the
following set of condition (see Campbell et al. [2, Corollary 1.4]):
K(x, y) = k(x− y) =
Ω(x− y)
|x− y|d
, Ω(x) = Ω(
x
|x|
), Ω ∈ L∞(Sd−1),
ˆ
Sd−1
Ωdσ = 0,
ˆ
|x|>2|y|
|k(x− y)− k(x)| dx ≤ C ∀y ∈ Rd,
where the last-mentioned Ho¨rmander condition is a consequence of the Dini con-
dition that we have imposed in any case. A particular case is the classical Hilbert
transform [1]. The estimate (3.4) implies (3.2) when φ is a smooth radial cut-off.
Proof of the last remark. We identify φ(x) = φ(|x|) as a function on R+. Then
T φǫ f(x) =
ˆ
φ
(x− y
ǫ
)
K(x, y)f(y) dy =
ˆ ˆ |x−y|/ǫ
0
φ′(t) dtK(x, y)f(y) dy
=
ˆ ∞
0
φ′(t)
ˆ
|x−y|>ǫt
K(x, y)f(y) dy dt =
ˆ ∞
0
φ′(t)Tǫtf(x) dt.
Since ‖{yǫt}ǫ>0‖V q = ‖{yǫ}ǫ>0‖Vq , it follows that
V φq Tf(x) = ‖
~T φf(x)‖Vq ≤
ˆ ∞
0
|φ′(t)|‖~Tf(x)‖Vq dt . VqTf(x). 
We turn to the proof of Theorem 3.1 and use again Lerner’s formula [7]:
1Q0 |V
φ
q Tf −mV φq Tf (Q0)| .M
#
λ,Q0
(V φq Tf) +
∑
Q∈L
ωλ(V
φ
q Tf,Q
(1))1Q,
where
|mV φq Tf (Q0)| .
1
|Q0|
‖V φq Tf‖L1,∞ .
1
|Q0|
‖f‖L1 =
 
Q0
|f | ≤ inf
Q0
Mf,
using V φq T : L
1 → L1,∞ and supp f ⊂ Q0. Once we prove the following lemma, the
rest of the proof proceeds exactly as the proof of Theorem 2.1:
3.5. Lemma.
ωλ(V
φ
q Tf,Q) .
∞∑
k=0
ω(2−k)
 
2kQ
|f |.
Proof. For x ∈ Q, we have
~T φf(x) = ~T φ(12Qf)(x) + ~T
φ(1(2Q)cf)(x)− ~T
φ(1(2Q)cf)(cQ) + ~T
φ(1(2Q)cf)(cQ),
and
‖~T φ(1(2Q)cf)(x)− ~T
φ(1(2Q)cf)(cQ)‖V q
=
∥∥∥
∞∑
k=1
ˆ
2k+1Q\2kQ
[ ~Kφ(x, y)− ~Kφ(cQ, y)]f(y) dy
∥∥∥
V q
≤
∞∑
k=1
ˆ
2k+1Q\2kQ
‖ ~Kφ(x, y)− ~Kφ(cQ, y)‖V q |f(y)| dy
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For any ~u = {uǫ}ǫ>0, we have
‖~u‖V q ≤ ‖~u‖V 1 ≤
ˆ ∞
0
∣∣∣ duǫ
dǫ
∣∣∣ dǫ.
We apply this to ~u = ~Kφ(x, y)− ~Kφ(cQ, y):
∂ǫK
φ
ǫ (x, y) = ∂ǫ[φ((x − y)/ǫ)K(x, y)] = (y − x)/ǫ
2 · ∇φ((x − y)/ǫ)K(x, y),
and hence
∂ǫ[K
φ
ǫ (x, y)−K
φ
ǫ (cQ, y)] =
(y − x
ǫ2
−
y − cQ
ǫ2
)
· ∇φ
(x− y
ǫ
)
K(x, y)
+
y − cQ
ǫ2
·
[
∇φ
(x− y
ǫ
)
−∇φ
(cQ − y
ǫ
)]
K(x, y)
+
y − cQ
ǫ2
· ∇φ
(cQ − y
ǫ
)
[K(x, y)−K(cQ, y)].
For x ∈ Q, y ∈ 2k+1Q \ 2kQ, using
|K(x, y)| .
1
|2kQ|
, |K(x, y)−K(cQ, y)| .
ω(2−k)
|2kQ|
,
as well as ∣∣∣∇φ
(x− y
ǫ
)∣∣∣ . 1[|x−y|,2|x−y|](ǫ),
∣∣∣∇φ
(x− y
ǫ
)
−∇φ
( cQ − y
ǫ
)∣∣∣ . |x− cQ|
ǫ
1[|x−y|,2|x−y|]∪[|cQ−y|,2|cQ−y|](ǫ),
we deduce thatˆ ∞
0
|∂ǫ[K
φ
ǫ (x, y)−K
φ
ǫ (cQ, y)]| dǫ .
ℓ(Q)
2kℓ(Q)
1
|2kQ|
+
ω(2−k)
|2kQ|
.
ω(2−k)
|2kQ|
.
Hence
∞∑
k=1
ˆ
2k+1Q\2kQ
‖ ~Kφ(x, y)− ~Kφ(cQ, y)‖V q |f(y)| dy
.
∞∑
k=1
ω(2−k)
ˆ
2k+1Q
|f(y)| dy,
and thus
|V φq Tf(x)− V
φ
q T (1(2Q)cf)(cQ)| ≤ ‖
~T φf(x)− ~T φ(1(2Q)cf)(cQ)‖V q
≤ V φq T (12Qf)(x) +
∞∑
k=1
ω(2−k)
 
2k+1Q
|f |.
It follows that
ωλ(T∗f ;Q) = inf
c
((V φq Tf − c)1Q)
∗(λ|Q|)
≤
((
V φq Tf − V
φ
q T (1(2Q)cf)(cQ)
)
1Q
)∗
(λ|Q|)
≤ (V φq T (12Qf))
∗(λ|Q|) +
∞∑
k=1
ω(2−k)
 
2k+1Q
|f |,
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where finally
(V φq T (12Qf))
∗(λ|Q|) ≤
1
λ|Q|
‖V φq T (12Qf)‖L1,∞ .
1
|Q|
‖12Qf‖L1 .
 
2Q
|f |
by the assumption that V φq T satisfies a weak (1, 1) inequality. 
4. Consequences for weighted norm inequalities
It is clear that the two dyadic domination theorems can be used as a general
machine to transfer results about dyadic shifts into results about (the maximal trun-
cation or q-variation of) Caldero´n–Zygmund operators. We present just a couple
of examples of this phenomenon for illustration.
We recall two recent results:
4.1. Proposition ([5], Theorem 1.10).
‖M(fσ)‖Lp(w) .
(
[w, σ]Ap [σ]A∞
)1/p
‖f‖Lp(σ).
4.2. Proposition ([4], Propositions 3.2 and 5.3). Let S be a positive dyadic shift
of complexity k. Then
‖S(fσ)‖Lp(w) . (1 + k)[w, σ]
1/p
Ap
(
[w]
1/p′
A∞
+ [σ]
1/p
A∞
)
‖f‖Lp(σ).
In combination with Theorem 2.1, we get the following corollary. It is essentially
known, but we obtain it for a slightly bigger class of Caldero´n–Zygmund kernels
with a rather general modulus of continuity.
4.3. Corollary. Let T be an ω-Caldero´n–Zygmund operator, where the modulus of
continuity satisfies ˆ 1
0
ω(t) log
1
t
dt
t
<∞. (4.4)
Then for all w, σ ∈ A∞ and p ∈ (1,∞), we have
‖T∗(fσ)‖Lp(w) . [w, σ]
1/p
Ap
(
[w]
1/p′
A∞
+ [σ]
1/p
A∞
)
‖f‖Lp(σ),
and in particular
‖T∗f‖Lp(w) . [w]
max{1,1/(p−1)}
Ap
‖f‖Lp(w).
Proof. By Theorem 2.1, we have
‖1Q0T∗(fσ)‖Lp(w) . ‖M(fσ)‖Lp(w) +
∑
u∈{0,
1
3 ,
2
3}
d
∞∑
k=0
ω(2−k)‖Suk (fσ)‖Lp(w).
It suffices to apply Proposition 4.1 to M and Proposition 4.2 to each Suk , and to
observe that
∞∑
k=0
ω(2−k)k h
ˆ 1
0
ω(t) log
1
t
dt
t
<∞.
Finally, we let Q0 ↑ R
d, and use monotone convergence. 
The following corollary to Theorem 3.1 is completely new, and extends the sharp
weighted estimates to the q-variation of singular integrals for the first time.
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4.5. Corollary. Let T be an ω-Caldero´n–Zygmund operator, where the modulus of
continuity satisfies (4.4), and suppose that the smooth q-variation of T satisfies the
weak (1, 1) bound (3.2). Then for all w, σ ∈ A∞ and p ∈ (1,∞), we have
‖V φq T (fσ)‖Lp(w) . [w, σ]
1/p
Ap
(
[w]
1/p′
A∞
+ [σ]
1/p
A∞
)
‖f‖Lp(σ),
and in particular
‖V φq Tf‖Lp(w) . [w]
max{1,1/(p−1)}
Ap
‖f‖Lp(w).
Proof. Repeat the proof of Corollary 4.3 with obvious changes. 
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